Abstract. It is shown that spectral synthesis occurs in the space of functions of exponential growth on an arbitrary finitely-generated discrete Abelian group.
§1. Introduction and the main results
Let G be a locally compact Abelian group, and F a topological vector space of complex-valued functions on G. Then F is said to be translation invariant if it is invariant under the mappings (translations) (1.1)
and the operators τ y are continuous in F.
A closed linear subspace H ⊆ F is said to be invariant if τ y (H) ⊆ H for every y ∈ G.
An exponential (or generalized character ) is an arbitrary homomorphism of G to the multiplicative group of complex numbers. Continuous homomorphisms from G to the additive group of complex numbers are called additive functions. A function x → P (a 1 (x), . . . , a m (x)) on G is said to be polynomial if P is a complex polynomial in m variables and a 1 , . . . , a m are additive functions. The product of a polynomial function and an exponential is called an exponential monomial, and a linear combination of exponential monomials is called an exponential polynomial.
Let F be a translation invariant function space on G, and let H be an invariant subspace of F. Definition 1.1. H is said to admit spectral synthesis if it coincides with the F-closure of all exponential monomials belonging to H. Spectral synthesis occurs in F if every invariant subspace H ⊆ F admits spectral synthesis.
This definition of spectral synthesis dates back to the paper [1] by L. Schwartz. In that paper, spectral synthesis was proved for G = R and F being either C(R), the space of all continuous functions on R, or E(R) = C ∞ (R), the space of all infinitely differentiable functions on R. (All classical function spaces are endowed with their standard topologies.) Gilbert's results in [2] show that spectral synthesis occurs for certain topological vector spaces on R that consist of functions of exponential growth. Other examples of function spaces on R in which spectral synthesis occurs can be found in [3] .
In [1] , L. Schwartz conjectured that spectral synthesis occurs in the case of
This was disproved by Gurevich (see [4] ) who constructed a nonzero invariant subspace of E(R 2 ) that contains no nonzero exponential polynomials. Note also that, for G = R n , spectral synthesis occurs in the space F = S (R n ) of tempered distributions, see L. Schwartz [5] . If G is a discrete Abelian group, then a natural function space is the space C(G) of all complex-valued functions on G with the topology of pointwise convergence. Various results on spectral synthesis in this setting, together with applications, can be found in the book [6] . We mention that C(G) possesses spectral synthesis for the group Z n (see [7] ), for an arbitrary finitely generated Abelian group (see [8] ), and for an arbitrary periodic Abelian group (see [9] ). In general, C(G) may fail to possess spectral synthesis if G is discrete and Abelian.
In this paper, we establish that spectral synthesis occurs in the case where G is an arbitrary finitely generated infinite Abelian group (here and below, G is discrete) and F is the space of functions of exponential growth on G. We pass to the precise statements. Throughout, we write F 1 → F 2 to signalize that a function space F 1 is included in a function space F 2 and the embedding is continuous.
Let G be an infinite finitely generated Abelian group with the operation + and the zero element 0. Let v 1 , . . . , v n be a system of generators of G. Any element x ∈ G can be represented in the form
Clearly, the function x → |x| possesses the following properties:
The function |x| is a particular example of a quasinorm on G, see, e.g., [10] . It will be called the quasinorm corresponding to the system v 1 , . . . , v n of generators.
For every k > 0, we denote by C k (G) the set of all complex-valued functions f (x) on G that satisfy
The norm
and endow C * (G) with topology of the inductive limit of the sequence C k (G). We call C * (G) the space of functions of exponential growth on G.
The properties of the quasinorm allow us to easily show that each Banach space C k (G) is translation invariant. Next, the definition of the inductive limit topology (see, e.g., [1] ) implies that C * (G) is also translation invariant.
A system of generators of G is involved in the definition of C * (G). We show that the space does not depend on the choice of a system of generators. Let v License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
where
where c 2 > 0 also does not depend on x. Now, (1.6) and (1.7) readily imply that 1 C * (G) and 2 C * (G) coincide as topological vector spaces. The following theorem is the main result of this paper.
Theorem 1.1. Spectral synthesis occurs in C * (G) for every finitely generated infinite Abelian group G.
In §2, we prove Theorem 1.1 in the case where G is the free Abelian group Z n . The outline of the proof is as follows. We pass from C * (Z n ) to the dual space C * (Z n ), which is a topological algebra with respect to convolution. A closed linear subspace
is invariant if and only if its annihilator H
⊥ is a closed ideal in C * (Z n ). The discrete Fourier transformation Λ is an isomorphism of the convolution algebra C * (Z n ) onto the multiplication algebra A(Ω) of all functions holomorphic in a certain domain Ω ⊂ C n . Next, it is shown that H admits spectral synthesis if and only if the corresponding ideal Λ(H ⊥ ) is localizable in A(Ω) and, finally, that all closed ideals in A(Ω) are localizable. This pattern (via duality and localization) is a principal approach to spectral synthesis problems (see, e.g., the survey [12] or the books [13, 14] , and [15] ). In the present paper, this method is developed for the new case of G = Z n and F = C * (Z n ). In §3, we prove Theorem 1.1 for an arbitrary finitely generated infinite Abelian group.
It should be noted that the claim of Theorem 1.1 remains true for every finite Abelian group G because C * (G) coincides with C(G) in this case, and then it is well known that spectral synthesis occurs, see [6] .
The author is grateful to the referee for useful remarks. §2. Proof of Theorem 1.
In this section, we consider the case where G is the free Abelian group Z n . All elements of Z n are of the form x = (x 1 , . . . , x n ), where x j ∈ Z. A natural system of generators of Z n is constituted by the elements
Let C * (Z n ) denote the space of all complex-valued functions g(x) on Z n such that, for every k > 0,
The set C * (Z n ) is a complete topological vector space whose topology is generated by the systems of seminorms (even norms)
It is easily seen that C * (Z n ) is a translation invariant space on Z n .
The space C * (Z n ) can be identified with the space dual to C * (Z n ) if we introduce duality by the formula
The series on the right of (2.3) converges absolutely because, whenever f ∈ C k (Z n ), we have
If H is a closed linear subspace of C * (Z n ), we denote by
and τ y is the translation operator (see (1.1)). The correspondence H → H
⊥ is a bijection between the invariant subspaces of C * (Z n ) and those of C * (Z n ).
is a topological algebra with respect to the convolution
Moreover, a closed linear subspace H ⊆ C * (Z n ) is translation invariant if and only if H is a closed ideal in
Proof. Suppose that g 1 , g 2 ∈ C * (Z n ) and k > 0. Since |x| ≤ |x − y| + |y|, we obtain
It follows that g 1 * g 2 ∈ C * (Z n ) and
whence we see that g 1 * g 2 depends continuously on g 1 and g 2 , i.e., C * (Z n ) is a topological algebra.
For every a ∈ Z n , we introduce the function
Note that
for every g ∈ C * (Z n ). Since the linear combinations of the functions e a , a ∈ Z n , form a dense subset of C * (Z n ), by (2.6) we see that a closed linear subspace H ⊆ C * (Z n ) is translation invariant if and only if H is a closed ideal in the topological algebra C * (Z n ).
Let C * = C \ {0}, and let C n * = C * × · · · × C * be the Cartesian product of n copies of C * . For z = (z 1 , . . . , z n ) ∈ C n * and x = (x 1 , . . . , x n ) ∈ Z n , we put z
n . The exponentials on Z n are precisely the functions of the form x → z x with an arbitrary z ∈ C n * , and the exponential monomials are of the form f (x) = P (x)z x , where P (x) = P (x 1 , . . . , x n ) is an arbitrary complex polynomial in n variables.
Let A denote the set of all functions ϕ(z) = ϕ(z 1 , . . . , z n ) holomorphic in C n * ⊂ C n . Endowed with the topology of uniform convergence on the compact subsets of C * , A becomes a locally convex space. Moreover, this is a topological algebra with respect to pointwise multiplication.
For every function g(x) ∈ C * (Z n ), we introduce the function
is an isomorphism of the topological algebra C * (Z n ) onto the topological algebra A.
Proof. Let g(x)
∈ C * (Z n ), and let k > 0. Put
We observe that Ω k is a compact subset of C n * , and an arbitrary compact subset of C n * is included in Ω k for some k.
is a positive number independent of g. It follows that the series on the right in (2.7) converges uniformly on each Ω k ; therefore, its sum is holomorphic on C n * . Also, (2.8) implies the estimate (2.9) sup
whence we see that the mapping Λ :
Conversely, let ϕ ∈ A. On C n * , the function ϕ(z) expands in a Laurent series
where the g(x) are the Laurent coefficients. Let α = (α 1 , . . . , α n ), where the α j are arbitrary positive numbers, and let
The Laurent coefficient g(x) can be found by the Cauchy formula:
We take the following numbers for the role of α j :
Then α 
, k > 0, constitute a system of seminorms that determines the topology of the locally convex space A. By (2.13) with k + 1 in place of k, we obtain the inequality
, whence it follows that the mapping Λ
is continuous from A to C * (Z n ). Thus, Λ is an isomorphism between the topological vector spaces C * (Z n ) and A. It can easily be verified that
for every g 1 , g 2 ∈ C * (Z n ), i.e., Λ takes convolution to product, so that Λ is an isomorphism of topological algebras.
For every open set U ⊆ C n = R 2n , let E(U ) be the set of all infinitely differentiable complex-valued functions on U . Then E(U ) is a complete locally convex space with the usual topology of uniform convergence together with all derivatives on the compact subsets of U . The dual space E (U ) coincides with the set of distributions on U with compact support. For f ∈ E (U ) and ϕ ∈ E(U ), we denote by f, ϕ the value of the linear functional f at ϕ.
For r = (r 1 , . . . , r n ) ∈ Z n + , we put |r| := r 1 + · · · + r n , r! := r 1 ! . . . r n !. For every ϕ ∈ E(U ), we put
In a usual way, ∂ r is defined also on distributions:
We denote by δ β the delta-function supported at β ∈ U , i.e.,
For β = (β 1 , . . . , β n ) ∈ C n , we use the symbol F β to denote the set of all formal power series in n complex variables centered at β. The elements of F β are of the form
The set F β is a ring and, when endowed with the topology of coefficient-wise convergence (see [14, Chapter I, §5] ), it becomes a locally convex space.
The dual space F β can be identified with the space of distributions of the form
where N ∈ Z + , r ∈ Z n + , c r ∈ C. Duality is established by the formula
where F is given by (2.16) and Φ by (2.15). Denote by A β the ring of germs of holomorphic functions at the point β. We have a natural embedding A β ⊂ F β that takes each function in A β to its power series centered at β.
We recall the following properties of the rings A β and F β (see [14, Chapter I, §5] or [16] ). 1
• . The ring A β is Noeterian, i.e., every ideal I of A β is generated by a finite subset of I.
Then f belongs to the ideal of A β generated by g 1 , . . . , g k if and only if f belongs to the ideal of F β generated by g 1 , . . . , g k .
We denote by D j the differential operator
is the set of polynomials in x 1 , . . . , x n with complex coefficients) gives rise to the differential operator
Lemma 2.3. Every element F ∈ F β , β ∈ C n * , can be represented in the form
Proof. We use the embedding
Let F ∈ F β . Since F has a representation (2.16), it suffices to prove that r
where a s (z 1 , . . . , z n ) is a polynomial in n variables.
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Proof. We introduce the differential operator 
On the other hand, we observe that
whence we obtain
we use (2.29) to conclude that
Now, from (2.23) and (2.26) it follows that
Combining this with (2.24), we arrive at (2.22).
Let H be an invariant subspace of C * (Z n ), let H ⊥ be its annihilator in C * (Z n ), and let I = Λ(H ⊥ ) be its image under the mapping Λ :
. Then I is a closed ideal of the algebra A. For every β ∈ C n * , we denote by I β the ideal of A β generated by I, and by E β the ideal of F β generated by I (we invoke the natural embeddings A ⊂ A β and A ⊂ F β ). Let E ⊥ β be the orthogonal complement of E β in F β . Lemma 2.5. An exponential monomial f (x) = P (x)β x belongs to an invariant subspace
x ∈ H, where β ∈ C n * and P (x) is a polynomial in n variables. We show that
∈ I, and Lemma 2.5 implies that
Let Ψ be an arbitrary element of F β , and let ϕ ∈ I. We verify the identity
we put
Then Ψ (N ) ∈ A and ϕΨ (N ) → ϕΨ in the space F β as N → ∞. Since I is an ideal in A, we have ϕΨ (N ) ∈ I, and since P (D)δ β is a continuous linear functional on F β , the relation P (D)δ β , ϕΨ (N ) = 0 implies (2.28). Since E β is the ideal in F β generated by I, an arbitrary element Φ ∈ E β can be represented as a finite sum
where ϕ j ∈ I, Ψ j ∈ F β . From (2.28) if follows that
and
Then Lemma 2.4 shows that f, g = 0 for every g ∈ H ⊥ , and we see that f ∈ H.
β is the ideal of A β generated by I. The following conditions are equivalent:
(i) p g(z) belongs to I β ; (ii) g, f = 0 for every exponential monomial f (x) = P (x)β x belonging to H.
Proof. (i) ⇒ (ii). Let p g(z)
∈ I β , and let f (x) = P (x)β x ∈ H. If f (x) ∈ H, Lemma 2.5 shows that P (D)δ β ∈ E ⊥ β . Since I β ⊂ E β , we see that p g ∈ E β , and g, f = P (D)δ β , p g = 0 by (2.22).
(ii) ⇒ (i). Suppose that g, f = 0 for every exponential monomial f ∈ H. Properties 1
• and 3
• of the rings A β and F β imply that, in order to ensure p g ∈ I β , it suffices to prove that p g ∈ E β . Since the ideal E β is closed in F β (property 2 • ), the Hahn-Banach theorem says that it suffices to show that every functional in F β orthogonal to E β is orthogonal to p g. By Lemma 2.3, every functional F ∈ F β is representable in the form F = P (D)δ β . If P (D)δ β ∈ E ⊥ β , then, by Lemma 2.5, the exponential monomial f (x) = P (x)β x belongs to H; consequently, g, f = 0. By Lemma 2.4, the relation g, f = 0 implies P (D)δ β , p g = 0, whence we see that p g ∈ E β .
For every open set U ⊆ C n , we denote by A(U ) the set of all functions holomorphic in U . We endow A(U ) with the topology of uniform convergence on the compact subsets of U , then it becomes a complete locally convex space. Also, it is a topological algebra with respect to pointwise multiplication. The algebra A = A(C n * ) is a particular case of A(U ).
For every β ∈ U , a natural mapping A(U ) ⊂ A β arises. If I is a closed ideal in A(U ), we let I β denote the ideal of A β generated by I. 
